Abstract. The collisionless Boltzmann equation governing self-gravitating systems such as galaxies has recently been shown to admit exact oscillating solutions with planar and spherical symmetry. The relation of the spherically symmetric solutions to the Virial theorem, as well as generalizations to non-uniform spheres, uniform spheroids and discs form the subject of this paper. These models generalize known families of static solutions. The case of the spheroid is worked out in some detail. Quasiperiodic as well as chaotic time variation of the two axes is demonstrated by studying the surface of section for the associated Hamiltonian system with two degrees of freedom. The relation to earlier work and possible implications for the general problem of collisionless relaxation in self gravitating systems are also discussed.
Introduction
In a recent paper, Sridhar (1989)-henceforth Paper 1-has shown that the collisionless Boltzmann equation (CBE) which is used to describe stellar systems has fully selfconsistent oscillatory solutions. The general strategy is to choose uniform density models with a time-dependent gravitational potential quadratic in the space coordinates. The phase-space density f (x, v, t) (mass per unit phase volume) of the model is chosen to be a function of integrals of motion in this potential, thereby automatically satisfying the CBE by Jeans' theorem (see e.g. the text by Binney & Tremaine 1987 ).
An integral due to Lewis (1968) for the time-dependent harmonic oscillator plays the same role for these oscillating models as energy does for the corresponding static models. Apart from Lewis' original paper, Goldstein's (1980) well-known text gives a nice discussion of the Lewis invariant. The existence of such an invariant follows from the linearity of the equations of motion of the oscillator. A set of points in phase space lying on an ellipse will continue to do so after a linear transformation of x and v. An invariant quadratic in x and ν with time-dependent coefficients must therefore exist.
This paper first makes explicit the relation between the Virial theorem and the spherical systems constructed in Paper 1. We then go on to construct oscillating spheroidal solutions of the CBE. In Section 2 we discuss the consistency of the general
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spherical model with the Virial theorem. A particular "cold" model with easily visualized dynamics is given in Section 3. Steady-state uniform-density spheroids are generalized to oscillating models by the replacement of energies by the corresponding Lewis invariants in Section 4. In contrast to the spherical case there is now a pair of coupled equations for the oscillations of the a 1 and a 3 axes of the spheroid. Section 5 gives the behaviour of the solutions, using the Poincare surface of section for the Hamiltonian system with two degrees of freedom which governs the evolution of a 1 and a 3 . Section 6 gives our conclusions and some implications of these result in the more general context of time-dependent behaviour in collisionless gravitating systems.
The virial theorem and the time-dependent spherical models
In Paper 1 we showed how to construct time-dependent uniform-density spheres starting from the distribution function describing static spheres. The time dependence of the radius was shown to be governed by a simple differential equation (Equation 22, Paper 1) (1) where ξ is proportional to the radius and ω 0 is a constant. In this section we derive Equation (1) from the Virial theorem. Apart from being a rederivation, the calculations make explicit the physical significance of the terms entering (1).
We start with the distribution function of a static uniform-density sphere written in the form (Equation 13 
